
This article was downloaded by: [University of Haifa Library]
On: 20 August 2012, At: 11:02
Publisher: Taylor & Francis
Informa Ltd Registered in England and Wales Registered Number: 1072954 Registered office: Mortimer House,
37-41 Mortimer Street, London W1T 3JH, UK

Molecular Crystals and Liquid Crystals Science and
Technology. Section A. Molecular Crystals and Liquid
Crystals
Publication details, including instructions for authors and subscription information:
http://www.tandfonline.com/loi/gmcl19

Director Gratings and Light Diffraction in the Nematic
Cells with Spatially Modulated Easy Axis
D. Andrienko a & I. Pinkevich b
a Institute of Physics, 46 Prospect Nauki, Kyiv, Ukraine
b Kyiv University, Physics Department, Kyiv, Ukraine

Version of record first published: 04 Oct 2006

To cite this article: D. Andrienko & I. Pinkevich (1998): Director Gratings and Light Diffraction in the Nematic Cells with
Spatially Modulated Easy Axis, Molecular Crystals and Liquid Crystals Science and Technology. Section A. Molecular Crystals
and Liquid Crystals, 309:1, 143-156

To link to this article:  http://dx.doi.org/10.1080/10587259808045525

PLEASE SCROLL DOWN FOR ARTICLE

Full terms and conditions of use: http://www.tandfonline.com/page/terms-and-conditions

This article may be used for research, teaching, and private study purposes. Any substantial or systematic
reproduction, redistribution, reselling, loan, sub-licensing, systematic supply, or distribution in any form to
anyone is expressly forbidden.

The publisher does not give any warranty express or implied or make any representation that the contents
will be complete or accurate or up to date. The accuracy of any instructions, formulae, and drug doses should
be independently verified with primary sources. The publisher shall not be liable for any loss, actions, claims,
proceedings, demand, or costs or damages whatsoever or howsoever caused arising directly or indirectly in
connection with or arising out of the use of this material.

http://www.tandfonline.com/loi/gmcl19
http://dx.doi.org/10.1080/10587259808045525
http://www.tandfonline.com/page/terms-and-conditions


Mol. Cryst. Liq. Cryst., 1998, Vol. 309, pp. 143-156 
Reprints available directly from the publisher 
Photocopying permitted by license only 

0 1998 OPA (Overseas Publishers Association) 
Amsterdam B.V. Published under license 

under the Gordon and Breach Science 
Publishers imprint. 

Printed in India. 

Director Gratings and Light Diffraction 
in the Nematic Cells with Spatially 
Modulated Easy Axis 
DENIS ANDRlENKOa and IGOR PINKEVICHb 

"Institute of Physics, 46 Prospect Nauki, Kyiv, Ukraine; 
Kyiv University, Physics Department, Kyiv, Ukraine 

(Received 15 April 1997; In final form 24 June 1997) 

Periodic spatial modulation of easy axis with period 2n/Q onto the cell surfaces leads to the 
appearance of the director grating with the same period in the LC bulk. Incident light wave 
intensity modulated with period 2nlAq induces additional director gratings in the cell bulk 
with periods 2n/Aq, 2n/(Q+Aq),  2n / (Q-Aq) .  Diffraction of a probe light beam on such 
gratings is investigated for both planar and nearly homeotropic geometry of the director 
distribution and for strong and weak anchoring of director on the cell surfaces. 

Keywords: Easy axis modulation; director gratings; light diffraction 

1. INTRODUCTION 

Interaction of nematic liquid crystal (NLC) with incident lig..t field leads to 
director deviation from its initial state. In case of spatially modulated light- 
field intensity director gratings appear in the NLC bulk [l, 2,3]. On the 
other hand, the orientation of director depends essentially on the boundary 
conditions on the cell surfaces and great attention has been focused on their 
control. Nowadays the mechanisms used for such a control are: exposure 
technique that governs the tilt angle [4], the oblique irradiation of photo- 
sensitive PVCN polymers by polarized UV-light which influences both the 
tilt angle and anchoring energy [ S ] ,  heating treatment [6 ] .  Recently, the 
new effect of NLC alignment has been reported, where the change of an- 
choring parameters occurs as a result of the light action on the bulk of a 
light-sensitive LC-azo dye mixture [7]. 
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144 D. ANDRIENKO AND 1. PINKEVICH 

Thus, a recent possibility is to control the anisotropy in alignment layers, 
and thereby the anchoring parameters, by optical means. Since light can be 
focused to micrometre-sized pixels, this in principle enables varying the 
liquid crystal orientation with high spatial frequency, and enables applica- 
tions such as high density optical data storage and the construction of 
complex electro-optic devices. 

In this paper we assume that the direction of easy orientation axis is 
periodically modulated along one of the coordinate axes (similar boundary 
conditions were considered by G. Barbero e ta l .  [S]) and obtain the dis- 
tribution of director in the cell bulk in the spatially-modulated light wave 
field. Starting from this distribution and supposing that tested light beam 
does not influence the orientational field of director, we study diffraction of 
light on the appearing director grating. Finally, we consider the influence of 
finite anchoring of director on the boundaries. 

2. FREE ENERGY OF THE CELL 

We consider the NLC cell bounded at  the planes z = 0, L. In the one- 
elastic-constant approximation its free energy in the light-wave field takes 
the form 

{(divif)' +(rotii)2}dV-- z i j  Ei ETdV+ F,, 16n 's 
F,= -- W ( i f t ) 2 d S ,  W>O : 1: 

where the surface free energy F ,  is taken in the form of Rapini potential [9], 
E~~ = el + E, ni nj is the dielectric susceptibility tensor, E, = E , ,  - E ~ .  Note, that 
a unit vector t along the easy orientation axis can depend on the coordi- 
nates. 

We assume that two plane monochromatic light waves are incident on 
the cell making the angle 20 between their vectors (Fig. I). The waves have 
equal amplitudes and are polarized along the same direction in the xz 
plane but their wave vectors are oriented symmetrically with respect to 
this plane 
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DIRECTOR GRATINGS 145 

J X 

FIGURE I Considered geometry. 

In consequence of interference in the cell volume the light wave field take 
the form 

where I?! (3) = 2 cos (1/2Aqy) exp (iq cosez), A4 = 2q sine. 

3. PERIODIC SPATIAL MODULATION OF PLANAR EASY AXIS 

3.1. Director Distribution in the Light Field 

Let the director of the NLC cell be parallel to the x y  plane and the easy 
orientation axis on the cell surfaces be modulated with spatial period 2n/Q 
along the y axis. For the sake of simplicity we assume here the infinite 
anchoring of the director with the cell surfaces (W= 00). 

To obtain the light field in the cell we assume the polarization vectors of 
ordinary and extraordinary waves folIows the local orientation of director. 
This assumption corresponds to the propagation of light in the Mauguin 
limit [ll]. Defining the director as ii = (coscp, sincp, 0) and introducing the 
vector d = (- sincp, coscp, 0) = aii/acp perpendicular to the director we can 
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write down the field in the cell as 

D. ANDRIENKO AND I.  PINKEVICH 

E = Ee + Eo, (4) 

where 

= (J? . d),=, iP= E ( z  = L)  coscp,(y)exp [ i o / c  n,(L - z ) ]  8, 

Here E ( z  = L )  is defined by formula (3) for E ( F )  putting here z = L, cpL (y) is 
the director angle on the plane z = L,  n,, no are extraordinary and ordinary 
refractive indexes correspondingly. Because of the phase difference 
w/c(n, - no), the field in the cell is in general elliptical and its polarization 
state changes along z coordinate. This leads to the periodic change of the 
torque of field origin and finally to the modulation of director distribution 
along z coordinate. 

The director distribution n' (y, z )  in the expression (4) for the field in the 
cell is assumed to be already distored by the incident light wave, so the 
equation for director distribution in the cell is self-consistent. 

After the minimization of the free energy (1) and substituion of the field 
(4) one can obtain the next equation for the director angle cp 

L? A,,= cp = I { 1 + cos (Aqy)} sin 2cp, ( y) cos k (L - z), ( 5 )  

where I = E ,  E ; / h K ,  k = o/c(n, - no). 
Boundary conditions for the director take the form 

in accordance with the periodic modulation of the easy axes along the y 
axis. 

In the absence of the light field the equation ( 5 )  is homogeneous and its 
solution takes the form 
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DIRECTOR GRATINGS 147 

Thus, the director grating with spatial period A = 2n/Q appears in the cell 
bulk due to the periodic modulation of the easy axis orientation on the cell 
surfaces. For the small periods of easy axis modulation (A << L) the ampli- 
tude of grating is damped exponentially with the distance from the cell 
planes and the damping coefficient is defined by the ratio L/A. In the case 
of the large spatial periods (A >> L) the director distribution (7) has the form 

that is the director grating with period A arises in the whole cell bulk. 
In order to solve the inhomogeneous equation (5) let's put q ( y ,  z) = 

cpo(y,z) + $(y,z), where function $(y,z) satisfies the equation (5) with zero 
boundary conditions I & = ~ , ~  = 0. 

Assuming ArpL << 1 and solving the equation for $(y, z )  one can obtain 
the expression for the director angle rp (y, z) in the form 

rp = cpo +cp '  +cpz + rp3 + q4, (9) 

where 

rp2 = 21ArpL Z (z, Q) cos (2rpL) sin Qy, 

cp3 = I sin2cpLZ (z, Aq) cos (Aqy), 

rp4 = IArp, C O S ~ C ~ ,  

sinh Qz + cos kLsinh Q (L - z) 
sinh QL '('9 Q) = LZ ( k 2  

+ Q Z )  

One can see that under the action of the light wave field (3) the initial 
director distribution cpo with the spatial period A is modified and the dy- 
namic director gratings with periods 2n/Aq, 2n/(Q + Aq), 2n/(Q - Aq) ap- 
pear additionally in the NLC bulk. However, the amplitude of the director 
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148 D. ANDRIENKO AND I.  PlNKEVlCH 

gratings induced by field is rather small. For typical parameters L - 10 pm, 
n, - no = 0.1, ,i - 0.5 pm the factor kL - 10, i.e. even for the light field inten- 
sity significantly exceeding the intensity of the light-induced Frederiks 
threshold in the cell (I - x2) ,  the deviations of director induced by incident 
light field can not be taken into account. 

3.2. Diffraction on the Planar Director Grating 

Suppose that the planar director grating has been created in the NLC bulk 
in consequence of the easy axis spatial modulation and then it is tested by a 
plane light wave normally incident on the cell plane z = L with the electric 
vector I? = (0, E ,  0) along the J’ axis. We assume that intensity of the inci- 
dent light is sufficiently small and does not affect the initial distribution of 
director. Thus, the electric vectors of ordinary and extraordinary light 
waves appearing at the plane z = L can be written as E,  =Ecoscp,(y), 
E ,  = E sin cpL(y), where cp,(y) is defined by expression (6). In the Mauguin 
limit [ 113, the amplitudes of the ordinary and extraordinary light waves 
passed through the cell take the form 

where n,, nu are extraordinary and ordinary refractive indexes, k = 2n/A is 
the wave vector of the incident light beam. The Cartesian components read 

Diffraction pattern formed by the light field (10) can be found by taking 
the spatial Fourier transform of this field 6(s()=J‘, .!?(y)exp 
( -  ik sin a y ) d ~ > ,  where r is the angle of deviation of the diffracted light beam 
from the direction of the incident beam (along z axis). Since the light field 
(10) is a periodic function with period A, the diffracted field becomes [12] 

- sin (1/2 A Nk sin (w) A;2 
.!?(y,O)exp(-ik sinccy)dy, (11) sin (1/2 hk sin r )  s -A,2  

where N is the number of “gaps” which form the diffraction pattern. Substi- 
tuting the field (10) in eq. (1 1) and taking into account that the condition for 
the m-th diffraction maximum is rn = ( k / Q )  sin a = (A/A) sin a, we obtain for 
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DIRECTOR GRATINGS 149 

the rn-th order 

+ J ,  (A2) cos - sin ( p L  - (po -- I 2 ( 7 )  

Here J ,  (x) is the Bessel function of the integer order rn, Al = A(pL + Avo, 

As seen from the equations (12) and (13) the polarization state of the 
diffracted beam in the given NLC depends on the order of diffraction and 
the easy axis parameters. 

Let’s find the reduced Stokes parameters tl, t2, t3 which characterize the 
degree of linear and circular polarization of light. They can be obtained 
from the Jones matrix f =  (Ei Ef)  = ( l / 2 ) I o ( f + t l  8 ,  + t2d2  + t3e3), 
where I ,  = Spf, 2 are the Pauli matrices, and have the form [13] 

A2 = A(PL - Avo, = kL = 271 (L/A) (n, - no). 

Substituting the expression (12), (13) we obtain 

to = sin2 (1/2x) J i  (A,) + cos2 (1/2 x) Jf (A2), 

t l  = (- l )m+l {sin2(1/2~)  sin2((pL + cpo) Jf(A1) 
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I50 D. ANDRIENKO AND 1. PINKEVICH 

S 2  = ( - l),+ sin x sin (2 cpL)  J ,  (A1) J ,  (A2)/t0 

5 ,  = ( - l),+ {sin2 (1/2 x) cos 2 ( q ,  + cpo) J i  (Al)  

Note that [I + ti  + = 1, i.e. the light is perfectly polarized in all diffrac- 
tion orders. 

Let's consider the geometry usually realized in experiments, when the 
testing beam is incident on the cell plane with non-modulated easy axis 
( A q ,  = 0). Then the expressions for the reduced Stokes parameters are sim- 
plified to 

It is seen that only the sign of the reduced Stokes parameters S2, t3  changes 
from one diffraction maximum to the next one. 

In the case of the equal directions of the easy axes on the cell boundaries 
(q, = qo) we obtain 

<, = ( -  I)'"+ sin' ( x / 2 )  sin 4q,, 

c2 = - sin x sin (2cp,), 

Thus, for the pure ordinary ((p, = qo = 0) or extraordinary ((p, = cpo = 71/2) 
light waves we have <, = 0, (, = 0, <, = (-  1)'"' I ,  i.e. the diffracted beam is 
linearly polarized along the .x or y axis in each diffraction order and adja- 
cent diffraction orders have polarization vectors orthogonal to each other. 

We can also find the diffraction efficiency of the grating defined as 
q m =  50(rn)/(o(rn=0). Under the small deviations of the easy axis 
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DIRECTOR GRATINGS 151 

(AcpL, Acp, << 1) it has the form 

(18) 
sin' ( x / 2 )  (AqL + Acpo)2m + cos2 ( x / 2 )  ( A q L  - Acp,)2" 

2'"' (m!)' vlm = 

One can see that the diffraction efficicncy decreases rapidly with the number 
of the diffraction order and does not depend on the period of the director 
grating. 

In the case of not modulated easy axis on the cell boundary z = L 
(AqL = 0) the diffraction efficiency takes the form 

and depends neither on the director grating period nor on the value of 1. 

3.3. Influence of Finite Anchoring 

For the sake of simiplicity let's consider the cell with non-modulated easy 
axis and the infinite director anchoring on the plane z = L and modulated 
easy axis and the finite anchoring energy W' on the plane z = 0. In this case 
the unit vectors along the easy axis directions have the form 

where cp, ( y )  = Acp, sin Q y .  Minimizing the free energy (1) in absence of the 
light field we obtain the equation for director 8 =(coscp, sincp, 0) and 
boundary conditions 

where 5" = W" L / K  is the azimuth anchoring parameter. In order to find 
the analytical solution to the boundary problem (21) let restrict outselves to 
small values of both the anchoring parameter cq and the easy axis deviation 
Avo. In this case we can seek the solution as a power series in 5". As a result 
one can obtain the approximate solution in the form 

sinhQ ( L  - z )  
cp = "O '" QLcoshQL 

sin Qy 
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152 D. ANDRIENKO AND 1. PINKEVICH 

Comapring this result with the formula (7) for the case 'P(,=~ = 0 one can 
see that in the cell with weak anchoring the deviation angle Avo is replaced 
by the re-normalized one A@,, = A v o  5" (tanh QL)/QL.  Since for A v o  << 1 
the diffraction efficiency of the planar grating is proportional to the squared 
easy axis deviation angle (see Exp. (18)), in the case of the weak anchoring 
we obtain 

Thus, the diffraction efficiency of the planar cell depends now on the period 
of the easy axis modulation (Fig. 2). At the same time, the polarization state 
of the diffracted beams does not depend on the amplitude of the easy axis 
modulation (see expression (1 7)), and hence does not change. 

4. PERIODIC SPATIAL MODULATION 
OF HOMEOTROPIC EASY AXIS 

4.1. Diffraction on the Nearly Homeotropic Director Grating 

Let consider the director grating appearing in the cell bulk only due to the 
spatial modulation of the easy axes near the homeotropic direction. In this 

1.0 

0.8 

0.6 

0.4 

0.2 

0.0 
0 1 2 3 4 

FIGURE 2 
easy axis modulation in the case of small anchoring energy. 

Dependence of the diffraction efficiency of the planar grating on the spatial period of 
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DIRECTOR GRATINGS 153 

case the equation for director and the boundary conditions are similar to 
the ones obtained in the planar case. Thus, the director distribution is given 
by an expression which is analogous to the expression (7) where it is neces- 
sary to replace cpo, (p,,,, by do, do,,, A6,,, respectively. Further we put 

Let an extraordinary plane light wave with polarization vector along the 
y axis be normally incident on the cell plane z = L and be diffracted by this 
grating. We assume that the intensity of the light wave is small and does not 
affect the initial director distribution. Thus the light field in the cell in the 
approximation of geometrical optics and for large periods of the easy axis 
modulation can be written as [lo] 

e0,, = 0, Ad,,, << 1.  

where 

E ,  = A ( E ~  + E ,  n,2)'I4exp i - Y (y) , K 1 

Here n,(y, z )  = cosd(y, z )  and we took into account that for Q1. << 1 the light 
field depends on the y coordinate as parameter. Thus, both the amplitude 
and the phase of the light field behind the cell are modulated with period 
A/2 = n/Q. Expanding the light field (24) as a power series in E, (Ad)' << 1 we 
obtain the next approximate expression for the amplitude @(a) of the dif- 
fracted light beam of the rn-th order of diffraction 

where 

(Aet+AO;) (sinh(2t)-2t)+4A6,A6,AB0(t cosh t-sinh t )  

t sinh2 t X , t = Q L  
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154 D. ANDRIENKO AND I. PINKEVICH 

y = ( 1 / 8 ) ( ~ J ~ ! ~ ) ( A e t  - At):). Here we take into account, that the condition for 
the m-th order of diffraction is m = (n/AQ) sin tl. 

The light intensity in the m-th order of diffraction up to terms - (At),,,)2 
has the form 

I ,  - I@(a)12 = (1 + 2y) J i  (6) 

Thus the diffraction efficiency of the grating is q, = I r n / I 0  = J i ( 6 ) / J :  (6). 
Under the small deviations of easy axes and the symmetric boundary condi- 
tions (At), = At)*. = A6) it has the form 

E, L QL+sinh(QL) ' ''" = [? & QL cosh2(QL/2) 1 
For the cell with modulated easy axis only on the plane z = 0 (Adr2 = 0) this 
dependence is given by 

~ ( A f l , ) ~  A E, Lsinh(2QL) - QL 1 & -- 
E E. QLsinh2(QL) 

One can see that the diffraction efficiency is proportional to the forth power 
of the easy axis deviation angle unlike the quadratic dependence in the case 
of the planar grating. The dependence of the diffraction efficiencies 
(26) and (27) on the dimensionless period of the easy axis modulation 
(QL)-' is shown in Figure 3. 

4.2. Influence of Finite Anchoring 

As it was mentioned above, in the one-elastic-constant approximation the 
equations for director and boundary conditions are similar to ones used in 
the planar case. Let's consider as in Sec 2.3 the cell with non-modulated 
easy axis and infinite anchoring on the plane z = L and the modulated one 
with finite anchoring energy W8 on the opposite plane z = 0. Introducing 
the director as ti = (0, sine, c o d )  and the unit vector of easy axis on the 
plane z = 0 as 2' = (0, sine,, cose,), where 8, = AO, sin (Qy),  we obtain in 
case of small anchoring parameter 5' = WeL/ K << 1 and AO, << 1 the ex- 
pression for the director distribution similar to that one of the planar cell 

sinhQ(L-z) . 
QLcosh QL 

e = A O ~  (0 sin Qy 
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DIRECTOR GRATINGS 155 

Since the diffraction efficiency in the homeotropic cell is proportional to the 
forth power of the easy axis modulation angle (see expression (27)), under 
the weak anchoring we obtain 

The dependence of the diffraction efficiency (29) on the dimensionless period 
of the easy axis modulation is presented in Figure 3. 

5. CONCLUSIONS 

We have studied the influence of the spatial modulation of the easy axis 
direction onto the cell surfaces on the director distribution in the NLC cell 
bulk reoriented by a light field with spatially modulated intensity. Both 
planar and homeotropic director configurations were considered. The ob- 
tained director distributions show that the director gratings with periods 
2xlQ of easy axis modulation, 2n/Aq of the light intensity modulation and 
2nlQ + Aq, 2n/Q - Aq appears in the cell bulk. 

0 1 2 3 4 

FIGURE 3 Diffraction efficiency of the nearly homeotropicgrating as a function of the easy axis 
modulation period 1) symmetric modulation on both cell planes; 2) modulation only on a single 
plane; 3 )  modulation on a single plane with small anchoring parameter on this plane. 
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156 D. ANDRIENKO AND 1. PlNKEVlCH 

Diffraction of a probe light beam by the director gratings caused only by 
the easy axis modulation have been considered as well. In the planar cell the 
diffracted beam changes its polarization from one order of diffraction to the 
next. For the particular geometry, when only ordinary or extraordinary 
light wave is incident on the plane with non-modulated easy axis, the 
diffracted beam is linearly polarized, and adjacent diffraction orders have 
polarization vectors orthogonal to each other. The diffraction efficiency of 
the planar grating does not depend on the period of easy axis modulation 
and is proportional to the squared amplitude of modulation. 

In the nearly homeotropic cell both the amplitude and phase of the probe 
light beam changes in the cell bulk. In the geometrical optics approximation 
diffraction efficiency of this director grating, depends on the period of easy 
axis modulation and is proportional to the fourth power of the amplitude of 
modulation. Weak anchoring on the cell boundaries does not change the 
polarization state of the diffracted beam, modifying only the dependence of 
the diffraction efficiency on the period of easy axis modulation. 
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